Rules for integrands of the form (a + bSin[e + fx])" (c +dSin[e + fx])" (A+BSin[e + fx] + CSin[e + f x]?)

0: j(a+b5in[e+fx])"' (c+dSin[e+-Fx:|)n (A+BSin[e+-Fx] +CSin[e+-Fx]2) dx whenbc-ad#0 A Ab2-abB+a%2C==0

Derivation: Algebraic simplification

Basis: If Ab2 -~ abB+a2C ==0,thenA +Bz +Cz2 - (2:bz) <btl)327a C+bC2z)

Rule:iff bc-ad+0© A Ab?2-abB+a%C == 9, then
J(a+b5in[e+fx])'"(c+dSin[e+fx])"(A+BSin[e+-Fx]+CSin[e+-Fx]2) dx —

%J(a+bsin[e+fx])m+1 (c+dSin[e+-Fx])" (bB-aC+bCSin[e+fx]) dx

Program code:

Int[(a_.+b_.#sin[e_.+f_.xx_])™m_.(c_.+d_.#sin[e_.+f_.xx_] )" n_.(A_.+B_.xsin[e_.+f_.»x_]+C_.xsin[e_.+f_.»x_]*2),x_Symbol] :=
1/b”2xInt [ (a+b*Sin [e+‘F*X] )" (m+1) = (C+d*Sin [e+'F*X] ) nx (b*B—a*C+b*C*Sin [e+-F*x] ) ,X] /3
FreeQ[{a,b,c,d,e,f,A,B,C,m,n},x] && NeQ[bxc-axd,0] && EqQ[Axb"2-axbxB+a"2xC,0]

Int[(a_.+b_.#sin[e_.+f_.*x_] ) m_.x(c_.+d_.#sin[e_.+f_.xx_])"n_.(A_.+C_.xsin[e_.+f_.»x_]"2),x_Symbol] :=
-C/b"2+Int [ (a+bxSin[e+fxx]| )~ (m+1) « (c+dxSin[e+fxx] ) n« (a-bxSin[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f,A,C,m,n},x]| && NeQ[bxc-a+d,0] && EqQ[Axb"2+a"2xC,0]



Rules for integrands of the form (a+b sin(e+f x))~"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2)

1. j(a+bsin[e+fx])'" (c+dSin[e+fx]) (A+BSin[e+fx] +CSin[e+-Fx]2) dx whenbc-ad#0 A a®2-b%#0

1: J(a+bsin[e+fx])m (c+dSin[e+-Fx]) (A+BSin[e+-Fx] +CSin[e+-Fx]2) dx whenbc-ad#0 A a®-b%2#0 A m<-1

Derivation: Algebraic expansion, nondegenerate sine recurrence 1c with
c-»>1,d-»0,A~>c,B->d, C>0, n>0, p- 0andalgebraicsimplification

. 2_ 2 _
BaSIS:A+BZ+CZZ _ Ab“-abB+a*C + (a+bz) (bB-aC+bCz)

b2 b2
Rule:if bc-ad+0 A a2-b2+0 A m< -1,then

J-(a+bSin[e+-Fx])"' (c+dsin[e+fx]) (A+Bsin[e+fx] +Csin[e+fx]?) dx —

Ab?-abB+a’cC 1
%J(awsin[ewx]w(c+dsin[e++x])cnx+b—2j(a+bsin[e+fx])m+1 (c+dsin[e+fx]) (bB-aC+bCSin[esfx])dx —

(bc-ad) (Ab*>-abB+a’C) Cos[e + fx| (a+bSin[e+-Fx])""’1 1

- - f(a+bsin[e+fx])'"+1-

b>f (m+1) (a%-b?) b2 (m+1) (a% - b?)

(b (m+1) ((bB-aC) (bc-ad) -Ab (ac-bd)) +
(bB (a*d+b’d (m+1) —abc (m+2)) + (bc-ad) (Ab®> (m+2) +C (a®+b* (m+1)))) Sin[e+fx] -
bCd (m+1) (a®-b?) Sin[e+-Fx]2) dx

Program code:

Int[(a_.+b_.#sin[e_.+Ff_.xx_]) m_x(c_.+d_.#sin[e_.+Ff_.xx_])*(A_.+B_.xsin[e_.+f_.»x_]+C_.#sin[e_.+f_.xx_]"2),x_Symbol] :=
- (bxc-axd) x (Axb*2-axbxB+a”*2xC) xCos [e+'F*x] * (a+b*Sin [e+f*x] ) A (m+1)/(b"2*f* (m+1) » (a”~2-b"2) ) -
1/ (b*2x (m+1) » (a"2-b"2) ) xInt[ (a+b*Sin[e+fxx] )" (m+1) »
Simp [b* (m+1) % ( (bxB-axC) * (bxc-axd) -Axbx (axc-bxd) ) +
(b*Bx (a”2xd+b*2xd* (m+1) —axbxCx (m+2) ) + (bxc-axd) » (Axb”2x (m+2) +Cx (a*2+b”2x (m+1) ) )) *Sin [e+f*x] -
bxCxd* (m+1) * (a*2-b”2) *Sin [e+f*x] "Z,X] ,X] /5
FreeQ[{a,b,c,d,e,f,A,B,C},x]| && NeQ[bxc-a+d,0] & NeQ[a"2-b"2,0] && LtQ[m,-1]



Rules for integrands of the form (a+b sin(e+f x))"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2)

Int[(a_.+b_.#sin[e_.+f_.#x_] ) m_«(c_.+d_.xsin[e_.+f_.»x_])*(A_.+C_.xsin[e_.+f_.»x_]*2),x_Symbol] :=
- (bxc-axd) » (Axb*2+a”2xC) xCos [e+f*x] * (a+b*Sin [e+f*x] ) 2 (m+1)/(b"2*f* (m+1) » (a*2-b”2) ) +
1/ (b*2x (m+1) » (a"2-b"2) ) xInt[ (a+b*Sin[e+fxx] )" (m+1) »
Simp [b* (m+1) * (a*Cx (bxc-a*d) +Axbx (axc-bxd) ) -
((bxc-axd) x (Axb”2x (m+2) +Cx (a”2+b”2% (m+1) )) ) *Sin [e+f*x] +
bxCxd* (m+1) * (a*2-b”2) *Sin [e+f*x] "2,x] ,x] /3
FreeQ[{a,b,c,d,e,f,A,C},x| & NeQ[bxc-axd,0] & NeQ[a"2-b"2,0] && LtQ[m,-1]

2: j(a+b$in[e+fx])"' (c+dSin[e+-Fx]) (A+BSin[e+-Fx] +CSin[e+-Fx]2) dx whenbc-ad#0 A a2-b2#0 A m¢ -1

Derivation: Algebraic expansion, nondegenerate sine recurrence 1b with
c->0,d->1,A-ac,B-bc+ad, C>bd, m>m+1, n- 0, p- 0andalgebraic simplification

C (a+bz)? Ab%2-a32C+b (bB-2aC) z
b2 b2

Basis:A+Bz + Cz2 =

Rule:lf bc-ad+0 A a?2-b2+0 A m<¢ -1, then

J\(a+bsin[e+-Fx:|)m (c+dsin[e+fx]) (A+BsSin[e+fx] +Csin[e+fx]?) dx —

%J(a+bsin[e+fx])m+z (c+dSin[e+-Fx]) dx + :—ZJ(a+bSin[e+-Fx])'" (c+dSin[e+-Fx]) (Abz—a2C+b (bB-2ac() Sin[e+-Fx]) dx —

CdcCos[e+fx]sin[e+fx] (a+bsin[e+fx])™* 1 J-( b sin[e £x])"
_ + a+bsinfe+fx])"-

bf (m+3) b (m+3)
(acd+Abc (m+3) +b (Bc (m+3) +d (C(m+2) +A (m+3))) Sin[e+fx] - (2aCd-b (cC+Bd) (m+3))Sin[e+fx]2) dx

Program code:

Int[(a_.+b_.#sin[e_.+Ff_.xx_]) m_.x(c_+d_.#sin[e_.+Ff_.xx_])*(A_.+B_.»sin[e_.+f_.»x_]+C_.#sin[e_.+f_.xx_]"2),x_Symbol] :=
-CxdxCos [e+'F*x] *Sin [e+f*x] * (a+b*Sin [e+f*x] ) A (m+1)/(b*f* (m+3) ) +
1/ (bx (m+3)) »Int[ (a+bxSin[e+Ffxx] ) mx
Simp [a*C*d+A*b*C* (m+3) +b* (BxCx (mM+3) +d* (C* (Mm+2) +A% (m+3) ) ) *Sin [e+-F*x] - (2*xaxCxd-bx (c*C+Bxd) * (m+3) ) #Sin [e+-F*x] "Z,X] ,X] /5
FreeQ[{a,b,c,d,e,f,A,B,C,m},x]| && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] & Not[LtQ[m,-1]]



Rules for integrands of the form (a+b sin(e+f x))"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2)

Int[(a_.+b_.+sin[e_.+f_.xx_])"m_.x(c_+d_.xsinf[e_.+Ff_.#x_])» (A_.+C_.xsin[e_.+f_.+x_]~2),x_Symbol] :=
-CxdxCos [e+‘F*x] *Sin [e+f*x] * (a+b*Sin [e+f*x] ) 2 (m+1)/(b*f* (m+3) ) +
1/ (bx (m+3)) »Int[ (a+bxSin[e+Ffxx]) "mx
Simp [a*C*d+A*b*C* (m+3) +b*d* (Cx (m+2) +Ax (m+3) ) *Sin [e+f*x] - (2xaxCxd-bxc*Cx (m+3) ) *Sin [e+-F*x] "2,X] ,x] /5
FreeQ[{a,b,c,d,e,f,A,C,m},x] && NeQ[bxc-axd,0] & NeQ[a"2-b"2,0] & Not[LtQ[m,-1]]



Rules for integrands of the form (a+b sin(e+f x))~"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2)

2. j(a+bsin[e+fx])'" (c+dSin[e+1:x])n (A+BSin[e+-Fx] +CSin[e+fx]2) dx whenbc+ad=0 A a2-b%==0

1: J(a+bsin[e+fx])m (c+dSin[e+-Fx])n (A+B5in[e+fx] +CSin[e+-Fx]2) dx whenbc+ad=0 A a2-b%?==0 A m<—§

Derivation: Algebraic expansion, singly degenerate sine recurrence 2b withA - 1, B - @, p —» @ and algebraic
simplification

Basis: If a? — b? == ©,thena+Bz+cz? - 2AbB:ac, (abz) (bB-aCibCa)

a b?

Rule:lfbc+ad::@Aaz—bzzze/\m<—%,then

j(a+bsin[e+fx])m (c+dsin[e+fx])" (A+BSin[e+Fx] +CSinfe+fx]?) dx —

-b C 1
wj(a+bsin[e+fx])"' (c+dsinferfx])"axs — [(avbsines £x])™* (c+dsin[es £x])" (58-acebCSin[er fx]) ax —
a

n+l

(aA-bB+aC) Cos[e+fx] (a+bSin[e+fx])" (c+dSin[e+fx])

2bcf (2m+1)
1
2bcd (2m+1)
(A(c?(m+1) +d®> (2m+n+2)) -Bcd (m-n-1) -C (c?m-d®> (n+1)) +d ((Ac+Bd) (m+n+2) -cC(3m-n)) Sin[e + fx]) dx

J(a+bSin[e+-Fx])'"+1 (c+dSin[e+-Fx])".

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_])"m_x(c_.+d_.xsin[e_.+Ff_.#x_]) n_.» (A_.+B_.#sin[e_.+f_.+x_]+C_.#sin[e_.+f_.*x_]~2),x_Symbol] :=
(axA-bxB+axC) xCos [e+-F*x] * (a+b*Sin [e+-F*x] )"m* (c+d*Sin [e+-F*x] )" (n+1)/(2*b*c*f* (2xm+1) ) -
1/ (2xbxcxdx (2xm+1) ) xInt [ (a+b*Sin [e+'F*x] )" (m+1) % (c+d*Sin [e+'F*x] ) Anx
Simp [A# (C2# (M+1) +d"2# (2#M+N+2) ) -BxCxdx (M-n-1) ~C# (" 2%M-d"2% (N+1) ) +d* ( (AxC+Bxd)  (M+n+2) ~CxCx (3xm-n) ) xSin[e+fxx],x],x] /;
FreeQ[{a,b,c,d,e,f,A,B,C,m,n},x] && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] & (LtQ[m,-1/2] || EqQ[m+n+2,0] && NeQ[2xm+1,0])



Rules for integrands of the form (a+b sin(e+f x))"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2)

Int[(a_+b_.xsin[e_.+f_.*x_]) m_x(c_.+d_.#sin[e_.+f_.#x_])*n_.» (A_.+C_.+sin[e_.+f_.xx_]"2),x_Symbol] :=
(axA+axC) xCos [e+f*x] * (a+b*Sin [e+'F*X] )"m* (c+d*Sin [e+'F*X] )" (n+1)/(2*b*c*f* (2xm+1) ) -
1/ (2xbxcxdx (2+m+1) ) »Int [ (a+bxSin[e+Ffxx])~ (m+1) « (c+dxSin[e+Ffxx] ) n«
Simp[A*(cAz*(m+1)+dA2*(2*m+n+2))—C*(cAz*m-dAz*(n+1))+d*(A*c*(m+n+2)—c*c*(3*m—n))*Sin[e+f*x],x],x] /5
FreeQ[{a,b,c,d,e,f,A,C,m,n},x] && EqQ[bxc+axd,0] && EqQ[a”~2-b”2,0] &&% (LtQ[m,-1/2] || EqQ[m+n+2,0] &&% NeQ[2xm+1,0])

2. J(a+bsin[e+fx])'" (c+dSin[e+1=x])n (A+BSin[e+-Fx] +CSin[e+-Fx]2) dx whenbc+ad=0 A a2-b%?=0 Am¢-2

2
.. J(a+bsin[e+fx])"' (A+Bsin[e+ fx] +CSin[e+-Fx]2)

\c+dsin[e+fx]

dx whenbc+ad=0 A az—b2==0/\m¢—§

Derivation: Algebraic expansion and doubly degenerate sine recurrence 2b withn —» - %, p-0

Basis:A+Bz+Cz2 == S{eF2EZ)  cenge(CBg 2
g g

Rule:if bc+ad=0 A a>-b®>=0 A m¢ -, then

J(a+b5in[e+fx])m (A+BSin[e+ fx] +CSin[e+-Fx]2)

dx —

\/c+dSin[e+fx]

dx

2CCos[e+-Fx] (a+bSin[e+-Fx])'"+1 J(a+bsin[e+fx])m (A+C+BSin[e+-Fx])
- +

b-F(2m+3)\/c+dSin[e+-Fx] \/c+dSin[e+-Fx]

Program code:

Int[(a_.+b_.#sin[e_.+Ff_.xx_]) m_.x(A_.+B_.xsin[e_.+f_.«x_]+C_.xsin[e_.+f_.»x_]~2)/Sqrt[c_.+d_.xsin[e_.+f_.+x_]],x_Symbol] :=
-2xCxCos [e+‘F*X] * (a+b*Sin [e+'F*X] ) 2 (m+1)/(b*'F* (2xm+3) *Sqrt [C+d*Sin [e+'F*X] ] ) +
Int [ (a+b*Sin [e+'F*x] ) Am%Simp [A+C+B*Sin [e+'F*x] ,x]/Sqr‘t [c+d*S:i.n [e+'F*X] ] ,x] /3

FreeQ[{a,b,c,d,e,f,A,B,C,m},x]| && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] & Not[LtQ[m,-1/2]]

Int[(a_.+b_.#sin[e_.+Ff_.*x_]) m_.x (A_.+C_.xsin[e_.+f_.«x_]"2)/Sqrt[c_.+d_.+sin[e_.+f_.*x_]],x_Symbol] :=
-2xCxCos [e+'F*X] * (a+b*S:|'.n [e+-F*x] ) & (m+1)/(b*f* (2xm+3) *Sqrt [C+d*Sin [e+'F*X] ] ) +
(A+C) »Int [ (a+b*sin [e+'F*x] ) "m/Sqr't [c+d*Sin [e+f*x] ] ,x] /3

FreeQ[{a,b,c,d,e,f,A,C,m},x]| && EqQ[bxc+a+d,0] & EqQ[a~2-b"2,0] & Not[LtQ[m,-1/2]]



Rules for integrands of the form (a+b sin(e+f x))"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2)

2: J(a+bsin[e+fx])m(c+dSin[e+-Fx])" (A+BSin[e+fx] +CSin[e+-Fx]2)d1x whenbc+ad=0 A az—b2==0/\m¢—§ AmM+n+2#0

Derivation: Nondegenerate sine recurrence 1b withp - @and a® - b2 == @
Derivation: Algebraic expansion and singly degenerate sine recurrence 2c withA - c, B>d, n>n+1, p >0

Basis:A+Bz+Cz? = Slednl, adcicd Bechas

Rule:if bc+ad=0 A a’-b>=0 Am¢-> Am+n+2+0,then

j(a+bsin[e+fx])'" (c+dsin[e+fx])" (A+BsSin[e+fx] +CSin[e+-Fx]2) dx —
:—ZJ‘(a+bSin[e+fX])'" (c+d5in[e+fx])"+2d1x+:—ZJ.(a+bSin[e+-Fx])'" (c+dsin[e+fx])" (Ad’-c®C-d (2cC-Bd) Sin[e+fx]) dx —

CCos[e+fx] (a+bSin[e+-Fx])"' (c+dSin[e+1:x])n+1

¥
df (m+n+2)

1

—Jx(a+bsin[e+-Fx])m (c+dsin[e+fx])" (Abd (m+n+2) +C(acm+bd (n+1)) + (bBd (m+n+2) -bcC (2m+1)) Sin[e + fx]) dx
bd (m+n+2)

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_]) m_.#(c_.+d_.xsin[e_.+f_.»x_]) n_.#(A_.+B_.»sin[e_.+f_.#x_]+C_.»sin[e_.+f_.+x_]~2),x_Symbol] :=
-CxCos [e+'F*X] * (a+b*S:i.n [e+'F*X] ) m* (C+d*Sin [e+'F*X] ) 2 (n+1)/(d*'F* (m+n+2) ) +
1/ (bxdx (m+n+2)) xInt [ (a+b*Sin [e+f*x] ) Amx (c+d*S:i.n [e+f*x] ) nx
Simp [Axbxdx (M+n+2) +C# (a*C#M+bxdx (N+1) ) + (bxBxdx (M+n+2) -bxCxCx (2xm+1) ) xSin[e+Fxx],x],x] /3
FreeQ[{a,b,c,d,e,f,A,B,C,m,n},x] && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] && Not[LtQ[m,-1/2]] & NeQ[m+n+2,0]

Int[(a_+b_.xsin[e_.+f_.*x_]) m_.#(c_.+d_.xsin[e_.+f_.»x_]) n_.#(A_.+C_.»sin[e_.+f_.»x_]~2),x_Symbol] :=
-CxCos [e+f*x] * (a+b*Sin [e+f*x] ) m* (c+d*S:i.n [e+f*x] ) 2 (n+1)/(d*f* (m+n+2) ) +
1/ (bxdx (m+n+2)) xInt [ (a+b*Sin [e+f*x] ) Amx (c+d*S:i.n [e+f*x] ) nx
Simp [A*b*d* (m+n+2) +Cx (axCxm+bxd* (n+1) ) ~bxc*Cx (2xm+1) *Sin [e++'*x] ,x] ,X] /8
FreeQ[{a,b,c,d,e,f,A,C,m,n},x] & EqQ[bxc+axd,0] 8&& EqQ[a~2-b"2,0] && Not[LtQ[m,-1/2]] & NeQ[m+n+2,0]



Rules for integrands of the form (a+b sin(e+f x))~"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2)

3.J‘(a+bsin[e+fx])m (c+dSin[e+fx])" (A+BSin[e+fx] +CSin[e+-Fx]2) dx whenbc-ad#0 A a2-b%==0 A c2-d*>+0

1: J(a+bsin[e+fx])m (c+dSin[e+-Fx])n (A+B5in[e+fx] +CSin[e+-Fx]2) dx whenbc-ad#0 A a2-b%?==0 A c2-d?>#0 A m<—§

Derivation: Algebraic expansion, singly degenerate sine recurrence 2b withA - 1, B - @, p —» @ and algebraic
simplification

Basis: If a? — b? == ©,thena+Bz+cz? - 2AbB:ac, (abz) (bB-aCibCa)

a b?

Rule:lfbc—ad;t@Aaz—bZ::G/\m<—%,then

j(a+bsin[e+fx])m (c+dsin[e+fx])" (A+BSin[e+Fx] +CSinfe+fx]?) dx —

-b C 1
wj(a+bsin[e+fx])"' (c+dsinferfx])"axs — [(avbsines £x])™* (c+dsin[es £x])" (58-acebCSin[er fx]) ax —
a

n+l

(aA-bB+aC) Cos[e+fx] (a+bSin[e+fx])" (c+dSin[e+fx])

f(bc-ad) (2m+1)

: J(a+b$in[e+fx])'"+1 (c+dsinfe+fx])"-

b(bc-ad) (2m+1)
(A(@ac(m+1) -bd (2m+n+2)) +B(bcm+ad (n+1)) -C(acm+bd (n+1)) + (d (aA-bB) (m+n+2) +C(bc (2m+1) ~ad (m-n-1))) Sin[e+fx]) dx

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_])"m_x(c_.+d_.xsin[e_.+Ff_.#x_]) n_.» (A_.+B_.#sin[e_.+f_.+x_]+C_.#sin[e_.+f_.*x_]~2),x_Symbol] :=
(axA-bxB+axC) xCos [e+-F*x] * (a+b*Sin [e+-F*x] )"m* (c+d*Sin [e+-F*x] )" (n+1)/(-F* (bxc-axd) x (2xm+1) ) +
1/ (bx (bxc-a%d) * (2xm+1) ) xInt [ (a+b*Sin [e+'F*x] ) A(m+1) = (c+d*Sin [e+f*x] )"n*
Simp [A* (axCx (m+1) —-bxd* (2¥m+n+2) ) +B* (bxcxm+axd* (n+1) ) -C* (axCxm+bxd* (n+1) ) +
(d* (axA-b*B) * (m+n+2) +Cx (bxCc* (2*m+1) —axd* (m-n-1) ) ) *Sin [e+'F*X] ,X] ,X] /3
FreeQ[{a,b,c,d,e,f,A,B,C,n},x]| && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] & NeQ[c"2-d"2,0] & LtQ[m,-1/2]



Rules for integrands of the form (a+b sin(e+f x))"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2)

Int[(a_+b_.»sin[e_.+f_.*x_]) m_x (c_.+d_.+sin[e_.+f_.xx_] )" n_.» (A_.+C_.+sin[e_.+f_.xx_]"2),x_Symbol] :=
ax (A+C) xCos [e+‘F*x] * (a+b*sin [e+'F*x] ) Am* (c+d*Sin [e+‘F*x] ) & (n+1)/(f* (bxc-axd) = (2*m+1)) +
1/ (bx (bxc-a*d)  (2#m+1) ) *Int [ (a+b#Sin[e+fxx] )" (m+1) x (c+d+Sin[e+fxx]) "n«
Simp[A* (axCx (m+1) —-bxd* (2xm+n+2) ) -C* (axCxm+bxd* (n+1) ) +
(axAxd* (m+n+2) +Cx (bxc* (2*m+1) -axd* (m-n-1) ) ) *Sin[e+‘F*X] ,X] ,X] /3
FreeQ[{a,b,c,d,e,f,A,C,n},x]| && NeQ[bxc-a+d,0] & EqQ[a~2-b"2,0] && NeQ[c"2-d"2,0] && LtQ[m,-1/2]



Rules for integrands of the form (a+b sin(e+f x))~"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2)

2. J(a+bsin[e+fx])'" (c+dSin[e+fx])" (A+BSin[e+fx] +CSin[e+-Fx]2) dx whenbc-ad#0 A a2-b%==0 A c2-d*#0 A m«t—%

1:
J(a+bsin[e+fx])"' (c+dSin[e+-Fx])n (A+B5in[e+fx] +CSin[e+-Fx]2) dx whenbc-ad#0 A a2-b%==0 A c2-d?2#0 A m{—% A(N<-1Vm+n+2:==0)
Derivation: Algebraic expansion and singly degenerate sine recurrence 1cwithA -1, B> 90, p >0

. 2 2 _Bd-
BaS|S: A+Bz +C22 .. € C Bdczd+Ad _ (c+dz) (chzBd cdz)

Rule:lff bc-ad#0 A a?-b>=0 A c?-d*#@ Am¢-2 A(nN<-1Vm+n+2-=0),then

J(a+bsin[e+fx])m (c+dsin[e+fx])" (A+BSin[e+fx] +CSinfe+fx]?) dx —

c2C-Bcd+Ad?

g J(a+bsin[e+fx])'" (c+dSin[e+fx])"d1x-:—zj(a+bsin[e+fx])'" (c+dSin[e+1=x])n+1 (cC—Bd-CdSin[e+-Fx]) dx —

(c2c-Bcd+Ad?) Cos[e+fx] (a+bsSin[e+fx])" (c+dsin[e+fx])"?
- +

df (n+1) (c-d?)

1
bd (n+1) (c-d?)
(Ad (adm+bc (n+1)) + (cC-Bd) (acm+bd (n+1)) +b (d (Bc-Ad) (m+n+2) -C(c* (m+1) +d? (n+1))) Sinfe+fx]) dx

J(a+b5in[e+fx])'“ (c+dSin[e+-Fx])"+1-

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_])"m_.#(c_.+d_.xsin[e_.+f_.»x_]) n_ (A_.+B_.#sin[e_.+f_.#x_]+C_.+sin[e_.+f_.*x_]~2),x_Symbol] :=
- (c”2%xC-Bxc*xd+Axd”2) xCos [e+'F*X] * (a+b*Sin [e+'F*X] )"m* (C+d*Sin [e+'F*X] )" (n+1)/(d*f* (n+1) % (c~2-d”*2) ) +
1/ (bxdx (n+1) x (c*2-d”2)) xInt [ (a+b*Sin [e+'F*x] )"m* (c+d*Sin [e+‘F*x] )" (n+1) =
Simp [A*d* (axd*m+bxcx (N+1) ) + (c*C-Bxd) * (a*C*m+bxdx (n+1) ) +bx (d* (Bxc-Axd) * (m+n+2) -Cx (c 2% (m+1) +d*2% (n+1)) ) *Sin [e+f*x] ,X] ,X] /3
FreeQ[{a,b,c,d,e,f,A,B,C,m},x] & NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] & NeQ[c"2-d*2,0] & Not[LtQ[m,-1/2]] && (LtQ[n,-1] || EqQ[m+n+2,0])
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Rules for integrands of the form (a+b sin(e+f x))"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2)

Int[(a_+b_.xsin[e_.+f_.xx_]) m_.#(c_.+d_.xsin[e_.+f_.*x_]) n_x (A_.+C_.+sin[e_.+f_.xx_]"2),x_Symbol] :=
- (c*2%xC+Axd”~2) xCos [e+‘F*x] * (a+b*Sin [e+f*x] ) Am* (c+d*Sin [e+f*x] ) 2 (n+1)/(d*f* (n+1) » (c~2-d*2) ) +
1/ (bxdx (n+1) * (c~2-d*2) ) +Int [ (a+bxSin[e+Ffxx] ) mx (c+dxSin[e+Ffxx])~ (n+1)
Simp[A*d*(a*d*m+b*c*(n+1))+c*C*(a*c*m+b*d*(n+1))—b*(A*dAZ*(m+n+2)+C*(cA2*(m+1)+dA2*(n+1)))*Sin[e+f*x],x],x] /5
Fr‘eeQ[{a,b,c,d,e,f,A,C,m},x] && NeQ[bxc-axd,0] & & EqQ[a”~2-b”2,0] && NeQ[c”2-d*2,0] && Not[LtQ[m,-1/2]] && (LtQ[n,-1] || EgQ[m+n+2,0])

2: J(a+b5in[e+fx])"'(c+dSin[e+-Fx])" (A+BSin[e+-Fx] +CSin[e+-Fx]2) dx whenbc-ad#0 A a2-b%==0 A cz—dz;éaAm{—% AmM+n+2#0

Derivation: Nondegenerate sine recurrence 1lb withp - @and a? - b2 == @
Derivation: Algebraic expansion and singly degenerate sine recurrence 2c withA - c, B>d, n>n+1, p >0

Basis: A+Bz+Cz2 = Clesdn? | AdddOccnns

Rule:lfbc—adq&@/\az—bZ::GAcz—dZ;&OAm<—%/\m+n+2¢@,then

~J‘(a+bsin[e+1=x])'" (c+dSin[e+1:x])n (A+BSin[e+fx] +CSin[e+-Fx]2) dx —
:Tj(a+bsin[e+fx])m (c+dSin[e+-Fx])"+2dlx+:—Zj(a+bsin[e+fx])"' (c+dsin[e+fx])" (AdZ—CZC—d (2cC-Bd) Ssin[e+fx])dx —

CCos[e+-Fx] (a+bSin[e+fx])'" (c+dSin[e+-Fx])n+1

+

df (m+n+2)
1

bd—f(a+b5in[e+fx])"'(c+dSin[e+-Fx])" (Abd (m+n+2) +C(acm+bd (n+1)) + (C(adm-bc (m+1)) +bBd (m+n+2)) Sin[e+fx]) dx
(m+n+2)

Program code:

Int[(a_+b_.xsin[e_.+f_.*x_]) m_.#(c_.+d_.xsin[e_.+f_.»x_]) n_.#(A_.+B_.»sin[e_.+f_.«x_]+C_.»sin[e_.+f_.+x_]~2),x_Symbol] :=
-CxCos [e+f*x] * (a+b*Sin [e+'F*X] ) m* (c+d*S:i.n [e+f*x] ) 2 (n+1)/(d*f* (m+n+2) ) +
1/ (bxdx (m+n+2)) xInt [ (a+b*sin [e+f*x] ) Amx (c+d*S:i.n [e+f*x] ) nx
Simp [A*b*d* (m+n+2) +Cx (axCxm+bxd* (n+1) ) + (C* (a*dxm-bxc* (m+1) ) +b*Bxd* (m+n+2) ) *Sin [e+f*x] ,X] ,X] /5
FreeQ[{a,b,c,d,e,f,A,B,C,m,n},x| && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] & NeQ[c"2-d"2,0] & Not[LtQ[m,-1/2]] && NeQ[m+n+2,0]
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Rules for integrands of the form (a+b sin(e+f x))"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2)

Int[(a_+b_.»sin[e_.+f_.xx_]) m_.x(c_.+d_.xsin[e_.+Ff_.#x_]) n_.x(A_.+C_.#sin[e_.+f_.+x_]~2),x_Symbol] :=
-CxCos [e+f*x] * (a+b*S:i.n [e+f*x] ) m* (c+d*S:i.n [e+f*x] ) & (n+1)/(d*f* (m+n+2)) +
1/ (bxd* (m+n+2) ) xInt [ (a+b*Sin[e+fxx])"m« (c+d+Sin[e+fxx]) " n«
Simp [A*b*d* (m+n+2) +C* (a*xCxm+bxd* (n+1) ) +C* (axdxm-bxc* (m+1) ) *Sin [e+f*x] ,X] ,X] /5
FreeQ[{a,b,c,d,e,f,A,C,m,n},x] && NeQ[bxc-axd,0] && EqQ[a~2-b”2,0] && NeQ[c”2-d*2,0] && Not[LtQ[m,-1/2]] &% NeQ[m+n+2,0]
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Rules for integrands of the form (a+b sin(e+f x))~"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2)

4, J(a+bsin[e+fx])m (c+dSin[e+1:x])n (A+BSin[e+-Fx] +CSin[e+fx]2) dx whenbc-ad#0 A a2-b%2#0 A c2-d*>#0
1. J(a+bsin[e+fx])m (c+dSin[e+-Fx])n (A+B5in[e+fx] +CSin[e+-Fx]2) dx whenbc-ad#0 A a2-b?#0 A c2-d’#0 Am>0

1: J(a+b$in[e+fx])"‘(c+dSin[e+-Fx])" (A+Bsin[e+fx] +CSin[e+-Fx]2) dx whenbc-ad#0 A a2-b2#0 A c2-d’#0 Am>0 A n<-1

Derivation: Nondegenerate sine recurrence la withp — @

Rule:lf bc-ad+0 A a?2-b2+0 A c>-d>+0 Am>0 A n< -1,then
J(a+b5in[e+fx])'"(c+dSin[e+fx])"(A+BSin[e+-Fx]+CSin[e+-Fx]2)dlx—>

(2C-Bcd+Ad?) Cos[e+fx] (a+bSin[e+'Fx])'" (c+dSin[e+-Fx])"+1
- +

df (n+1) (c?-d?)

1
d(n+1) (c*-d?)
(Ad (bdm+ac (n+1)) + (cC-Bd) (bcm+ad (n+1)) -
(d(A(ad(n+2) -bc(n+1)) +B(bd(n+1) -ac(n+2))) -C(bcd(n+1) -a(c*>+d* (n+1)))) Sin[e+Fx] +
b(d(Bc-Ad) (m+n+2)-C(c? (m+1) +d? (n+1)))Sin[e+fx]2) dx

J(a+bsin[e+fx])'"'1 (c+dsinfe+fx])™".

Program code:

Int[(a_.+b_.#sin[e_.+f_.#x_] ) m_«(c_.+d_.xsin[e_.+f_.»x_]) n_(A_.+B_.#sin[e_.+f_.+x_]+C_.#sin[e_.+f_.*x_]~2),x_Symbol] :=
- (c”2%xC-Bxc*xd+Axd”2) xCos [e+'F*X] * (a+b*Sin [e+'F*X] )"m* (C+d*Sin [e+'F*X] )" (n+1)/(d*f* (n+1) % (c~2-d”*2) ) +
1/ (d* (n+1) * (c*2-d”2) ) »Int [ (a+b*Sin [e+'F*x] ) A(m-1) % (c+d*Sin [e+f*x] )" (n+1) %
Simp[A*d*(b*d*m+a*c*(n+1))+(c*C—B*d)*(b*c*m+a*d*(n+1)) -
(d*(A*(a*d*(n+2)—b*c*(n+1))+B*(b*d*(n+1)—a*c*(n+2)))—C*(b*c*d*(n+1)—a*(cA2+dA2*(n+1))))*Sin[e+f*x] +
b* (d* (BxC-Axd) * (m+n+2) -C* (C”2% (m+1) +d*2% (n+1) ) ) *Sin [e+f*x] "2,x] ,x] /3
FreeQ[{a,b,c,d,e,f,A,B,C},x]| && NeQ[bxc-a+d,0] & NeQ[a"2-b"2,0] & NeQ[c"2-d"2,0] && GtQ[m,0] & LtQ[n,-1]
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Rules for integrands of the form (a+b sin(e+f x))"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2) 14

Int[(a_.+b_.#sin[e_.+f_.#x_] ) m_«(c_.+d_.xsin[e_.+f_.*x_])~n_x (A_.+C_.+sin[e_.+f_.xx_]"2),x_Symbol] :=
- (c*2%xC+Axd”~2) xCos [e+‘F*x] * (a+b*sin [e+'F*x] ) Am* (c+d*Sin [e+f*x] ) 2 (n+1)/(d*'F* (n+1) » (c~2-d*2) ) +
1/ (dx (n+1) % (c*2-d"2) ) *Int [ (a+b#Sin[e+fxx] )" (m-1) x (c+d+Sin[e+fxx] )" (n+1) »
Simp[A*d*(b*d*m+a*c*(n+1))+c*C*(b*c*m+a*d*(n+1)) -
(Axd* (axd* (n+2) -bxcx (N+1) ) -Cx (bxCc*xd* (n+1) -a*x (c*2+d*2x% (n+1))) ) *Sin [e+‘F*X] -
bx (Axd”*2% (m+n+2) +Cx (C*2% (m+1) +d*2x (n+1))) *Sin [e+f*x] "Z,X] ,x] /3
FreeQ[{a,b,c,d,e,f,A,C},x] & NeQ[bxc-axd,0] & NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0] && GtQ[m,0] & LtQ[n,-1]

2: J(a+bsin[e+fx])m (c+dSin[e+fx])" (A+BSin[e+fx] +CSin[e+-Fx]2) dx whenbc-ad#0 A a2-b>#0 A c2-d*#0 Am>0 A n¢-1

Derivation: Nondegenerate sine recurrence 1b withp - 0
Rule:lf bc-ad+0 A a?2-b2+0 A c>-d>+0 Am>0 A n<¢ -1,then

J(a+bsin[e+fx])"' (c+dsin[e+fx])" (A+Bsin[e+fx] +CsSin[e+fx]?) dx —

CCos[e+fx] (a+bSin[e+-Fx])"' (c+dSin[e+-Fx])n+1

+
df (m+n+2)

mj(a+bsin[e+fx])m’l (c+dsin[e+£x])"-

(aAd (m+n+2) +C(bcm+ad(n+1)) + (d (Ab+aB) (m+n+2) -C(ac-bd (m+n+1))) Sin[e+fx] + (C(adm-bc (m+1)) +de(m+n+2))Sin[e+fx]2) dx

Program code:

Int[(a_.+b_.#sin[e_.+f_.xx_])™m_.x(c_.+d_.#sin[e_.+f_.xx_])"n_.(A_.+B_.xsin[e_.+f_.»x_]+C_.»sin[e_.+f_.»x_]"2),x_Symbol] :=
-CxCos [e+f*x] * (a+b*Sin [e+f*x] ) M (c+d*Sin [e+f*x] ) ~ (n+1)/(d*f* (m+n+2) ) +
1/ (d* (m+n+2) ) »Int [ (a+b*Sin [e+'F*X] )" (m-1) = (C+d*Sin [e+'F*X] ) nx
Simp [a*A*d* (m+n+2) +Cx (bxcxm+axd* (n+1) ) +
(d* (Axb+a*B) * (m+n+2) —-Cx (axC-b*d* (m+n+1))) xSin [e+-F*x] +
(Cx (axdxm-bxcx (m+1) ) +b*xBxd* (m+n+2) ) *Sin [e+‘F*X] "2,X] ,X] /5
FreeQ[{a,b,c,d,e,f,A,B,C,n},x]| && NeQ[bxc-a+d,0] && NeQ[a"2-b"2,0] & NeQ[c"2-d"2,0] && GtQ[m,0] &&
Not [IGtQ[n,0] && (Not[IntegerQ[m]] || EqQ[a,0] && NeQ[c,0])]



Rules for integrands of the form (a+b sin(e+f x))"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2)

Int[(a_.+b_.#sin[e_.+f_.#x_] ) m_.(c_.+d_.+sin[e_.+f_.xx_])"n_.(A_.+C_.xsin[e_.+f_.»x_]"2),x_Symbol] :=
-CxCos [e+f*x] * (a+b*Sin [e+f*x] ) m* (c+d*S:i.n [e+f*x] ) & (n+1)/(d*f* (m+n+2) ) +
1/ (dx (m+n+2) ) »Int[ (a+bxSin[e+fxx])~ (m-1) » (c+dxSin[e+fxx]) n«
Simp [a*A*d* (Mm+n+2) +Cx (bxcxm+axd* (n+1) ) + (Axb*xd* (m+n+2) -Cx (axC-bxd* (m+n+1) ) ) *Sin [e+f*x] +Cx (axdxm-bxcx (m+1) ) *Sin [e+f*x] "Z,X] ,X] /5
FreeQ[{a,b,c,d,e,f,A,C,n},x] && NeQ[bxc-axd,0] & NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0] && GtQ[m,0] &&
Not [IGtQ[n,0] && (Not[IntegerQ[m]] || EqQ[a,0] && NeQ[c,0])]

2. j(a+b$in[e+fx])"' (c+dSin|:e+-Fx])n (A+BSin[e+-Fx] +CSin[e+-Fx]2) dx whenbc-ad#0 A a2-b2#0 A c?2-d*#0 A m< -1

; J A+BSin[e+'Fx]+CSin[e+‘Fx]2
(

a+bSin[e+fx])3/2\/c+dSin[e+-Fx]

dx whenbc-ad#0 A a2-b%>#0 A c2-d>#0

dx when a2 -b% #0

. J A+BSin[e+-Fx]+CSin[e+-Fx]2
(a+bSin[e+-Fx])3/2\/dSin[e+-Fx]

Derivation: Algebraic expansion

A+B z+C Z?2 o C+dz Ab+ (bB-aC) z

(a+bz)¥2~/dz  bd-/a+bz b (a+b2z)32+/dz
Rule: If a2 - b% 0, then

J A+BSin[e+fx]+Csin[e+fx]? '\/dSln[e+'FX J Ab+ (bB-acC) Sin[e+fx]
(

dx
a+bSin[e+fx])s/ledsin[erFx] \/a+b51n[e+fx] a+bSin[e+-Fx])3/2\/dsin[e+fx]

Basis:

dx

Program code:

Int[(A_.+B_.#sin[e_.+f_.+x_]+C_.xsin[e_.+f_.4«x_]"2)/((a_+b_.#sin[e_.+Ff_.+x_])~(3/2)+Sqrt[d_.+sin[e_.+f_.+x_]]),x_Symbol] :=
C/ (bxd) *Int [Sqr't [d*Sin [e+'F*x] ]/Sqr't [a+b*S:i.n [e+f*x] ] ,x] +
1/bxInt [ (A*b+ (bxB-axC) *Sin [e+-F*x] )/( (a+b*Sin [e+f*x] ) A (3/2) xSqrt [d*Sin [e+-F*x] ] ) ,x] 78

FreeQ[{a,b,d,e,f,A,B,C},x] & NeQ[a*2-b"2,0]



Rules for integrands of the form (a+b sin(e+f x))"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2)

Int[(A_.+C_.#sin[e_.+f_.+x_]"2)/((a_+b_.+sin[e_.+f_.xx_])~(3/2) +Sqrt[d_.+sin[e_.+f_.+x_]]),x_Symbol] :=
C/ (bxd) *Int [Sqr't [d*Sin [e+'F*x] ]/Sqr't [a+b*Sin [e+f*x] ] ,x] +
1/bxInt [ (Axb-axC«Sin[e+fxx])/((a+bxSin[e+fxx])~(3/2) +Sqrt[d+Sin[e+f+x]]),x] /;
FreeQ[{a,b,d,e,f,A,C},x] & NeQ[a"2-b"2,0]

dx whenbc-ad#0 A a2-b%2#0 A c2-d*#0

. J A+BSin[e+-Fx]+CSin[e+-Fx]z
(

a+bSin[e+fX])3/2\/c+dSin[e+-Fx]

Derivation: Algebraic expansion

A+B z+C z? __ C+a+bz Ab%2-a2C+b (bB-23aC) z
(a+b z)3/? b? b2 (a+b z)3/?

Basis:

Rule:if bc-ad+0 A a2-b%+0 A c?-d? +0,then

b? b?

J A+BSin[e+-Fx]+CSin[e+-Fx:|2 cJ‘\/a+bSin[e+fX] 1J Ab?>-a’C+b (bB-2aC) Sin[e + fx]
dx +
( (

dx — — —
a+bSin[e+fx])3/2\/c+dSin[e+-Fx] \/c+dSin[e+fx]

Program code:

Int[(A_.+B_.#sin[e_.+f_.xx_]+C_.»sin[e_.+f_.#x_]"2)/((a_.+b_.*sin[e_.+f_.+«x_])"(3/2)»Sqrtc_.+d_.xsin[e_.+f_.#x_]]),x_Symbol] :=

C/b 2x+Int[Sqrt[a+bsSin[e+fxx]]/Sqrt[c+d+Sin[e+fsx]],x] +
1/b"2+Int[ (Axb*2-a"24C+b (bxB-2xaxC) xSin[e+fxx]) /((a+bsSin[e+Ffxx] )~ (3/2) +Sqrt[c+dxSin[e+fsx]]),x] /;
FreeQ[{a,b,c,d,e,f,A,B,C},x]| && NeQ[bxc-a+d,0] & NeQ[a"2-b"2,0] & NeQ[c"2-d"2,0]

Int[(A_.+C_.#sin[e_.+f_.xx_]"2)/((a_.+b_.#sin[e_.+f_.+x_])~(3/2)+Sqrt[c_.+d_.+sin[e_.+f_.+x_]]),x_Symbol] :=
C/b 2x+Int[Sqrt[a+bsSin[e+fxx]]/Sqrt[c+d+Sin[e+fsx]],x] +
1/b"2+Int[ (Axbr2-a"24C-2+axbxCxSin[e+fxx]) /((a+bxSin[e+fxx])~(3/2) +Sqrt[c+d+Sin[e+f+x]]),x] /;
FreeQ[{a,b,c,d,e,f,A,C},x| && NeQ[bxc-axd,0] && NeQ[a~2-b"2,0] && NeQ[c"2-d"2,0]

a+bSin[e+-Fx])3/2\/c+dSin[e+-Fx]
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Rules for integrands of the form (a+b sin(e+f x))"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2)

2: J(a+bsin[e+fx])m (c+dSin[e+-Fx])" (A+BSin[e+-Fx] +CSin[e+-Fx]2)d1x whenbc-ad#0 A a2-b2#0 A c2-d?2#0 A m< -1

Derivation: Nondegenerate sine recurrence 1c withp —» @
Rule:if bc-ad+0 A a?2-b2+0 A c?2-d?>+0 A m< -1,then

j(a+bsin[e+fx])m (c+dSin[e+fx])" (A+BSin[e+fx| +CSin[e+-Fx]2) dx —

(Ab?>-abB+a’C) Cos[e+-Fx] (a+bSin[e+-Fx])m+1 (c+dSin[e+-Fx])n+1
- +

f(m+1) (bc-ad) (a?-b?)

1

a+bSinfe+fx])™! (c+dsin[e+fx])"-
(m+1) (bc-ad) (az_bz) J( * [ + ]) ( + [ + ])

((m+1) (bc-ad) (aA-bB+aC) +d (Ab>’-abB+a’C) (m+n+2) -
(c (Ab>-abB+a’C) + (m+1) (bc-ad) (Ab-aB+bC)) Sin[e+fx] -
d (Ab*-abB+a’C) (m+n+3) Sin[e+fx]2) dx

Program code:

Int[(a_.+b_.#sin[e_.+f_.xx_]) m_x(c_.+d_.#sin[e_.+f_.*x_])~n_x(A_.+B_.#sin[e_.+f_.#x_]+C_.»sin[e_.+f_.«x_]"2),x_Symbol] :=
- (Axb”2-axbxB+a”~2xC) xCos [e+‘F*x] * (a+b*Sin [e+'F*x] ) A(m+l) = (c+d*S:i.n [e+f*x] ) A (n+1)/(-F* (m+1) » (bxc-axd) x (a*2-b"2) ) +
1/ ((m+1) » (bxc-a*d) * (a*2-b~2) ) »Int [ (a+bxSin[e+Ffxx] )~ (m+1) » (c+dxSin[e+Ffxx] ) n«
Simp[ (m+1) » (bxc-axd) * (axA-bxB+axC) +d* (Axb”2-axbxB+a”2xC) x (Mm+n+2) -
(cx (Axb”2-axbxB+a*2xC) + (m+1) * (bxc-axd) » (Axb-axB+b*C) ) xSin [e+'F*x] -
dx (Axb"2-axbxB+a"2xC) » (m+n+3) Sin[e+fxx]|~2,x],x]| /;
FreeQ[{a,b,c,d,e,f,A,B,C,n},x]| && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0] & LtQ[m,-1] &&
(EqQ[a,0] && IntegerQ[m] && Not[IntegerQ[n]] || Not[IntegerQ[2xn] && LtQ[n,-1] && (IntegerQ[n] && Not[IntegerQ[m]] || EqQ[a,0])])

Int[(a_.+b_.#sin[e_.+f_.*x_] ) m_#(c_.+d_.xsin[e_.+f_.*x_]) n_x (A_.+C_.#sin[e_.+f_.xx_]"2),x_Symbol] :=
- (Axb”"2+a”2xC) *Cos [e++'*x] * (a+b*sin [e+f*x] ) A(m+l) * (C+d*Sin [e+f*x] ) n (n+1)/(-F* (m+1) » (bxc-axd) » (a”2-b"2) ) +
1/ ((m+1) » (bxc-axd) * (a”2-b”2) ) xInt [ (a+b*Sin [e+'F*X] )" (m+1) % (C+d*Sin [e+'F*X] ) nx
Simp [a* (m+1) » (bxc-a*d) * (A+C) +d* (Axb*2+a”2%C) * (M+n+2) -
(C* (Axb”2+a”2%C) +bx (m+1) » (bxc-axd) » (A+C) ) xSin [e+f*x] -
dx (Axb*2+a”*2%C) » (m+n+3) *Sin [e+-F*x] "Z,X] ,X] /5
FreeQ[{a,b,c,d,e,f,A,C,n},x]| && NeQ[bxc-a+d,0] & NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0] && LtQ[m,-1] &&
(EqQ[a,0] && IntegerQ[m] && Not[IntegerQ[n]] || Not[IntegerQ[2xn] && LtQ[n,-1] & & (IntegerQ[n] && Not[IntegerQ[m]] || EqQ[a,0])1])
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Rules for integrands of the form (a+b sin(e+f x))"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2)

dx whenbc-ad#0 A a>-b%2#0 A c2-d?#0

3. A+BSln[e+fx]+C51n[e+-Fx]
J a+b51n e+fx]) (c+d51n[e+fx])

Derivation: Algebraic expansion

Basis: A+B z+C z2 . C N Ab2-abB+a?C _ c2C-Bcd+Ad?
" (a+bz) (c+dz)  bd b (bc-ad) (a+bz) d (bc-ad) (c+dz)

Rule:if bc-ad+0 A a2-b%+0 A c?-d? +0,then

A+BSin[e+fx] +CSin[e+-Fx]2
J(a+bsin[e+fx]) (c+dSin[e+fx])

Cx Abz—abB+a2CJ~ 1 c2C—Bcd+Ad2J~ 1 4
X

dx -
bd b(bc-ad) a+bSin[e+-Fx] d(bc-ad) c+dSin[e+fx]

Program code:

Int[(A_.+B_.#sin[e_.+f_.#x_]+C_.xsin[e_.+f_.xx_]"2)/((a_+b_.#sin[e_.+f_.+x_])(c_.+d_.xsin[e_.+f_.»x_]))

Cxx/ (bxd) +

(Axb”"2-axbxB+a”2xC) / (bx (bxc-axd) ) *Int [1/(a+b*Sin [e+f*x] ) ,x] -

(€72%C-Bxcxd+Axd"2) / (dx (bxc-axd) ) xInt[1/(c+dxSin[e+Ffxx]),x] /;
FreeQ[{a,b,c,d,e,f,A,B,C},x]| && NeQ[bxc-a+d,0] & NeQ[a"2-b"2,0] & NeQ[c"2-d"2,0]

Int[(A_.+C_.+sin[e_.+Ff_.xx_]"2)/((a_+b_.*sin[e_.+f_.*x_])*(c_.+d_.xsin[e_.+f_.xx_])),x_Symbol] :=
Cxx/ (bxd) +
(Axb”2+a”2xC) / (b* (bxc-axd) ) *Int [1/(a+b*Sin [e+f*x] ) ,x] -
(€72xC+Axd"2) / (d (bxc-axd) ) xInt[1/(c+d«Sin[e+fxx]),x] /;

FreeQ[{a,b,c,d,e,f,A,C},x] & NeQ[bxc-axd,0] & NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0]

»X_Symbol] :=

18



Rules for integrands of the form (a+b sin(e+f x))"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2)

A+BSin[e+fx] +CSin[e+'Fx]2
dx whenbc-ad#0 A a2-b2#0 A c2-d?>#0

\/a+bsin[e+fx] (c+dsinfe+fx])

Derivation: Algebraic expansion

Basis: A+B z+C 22 __ C+Jatbz _ acC-Abd+(bcC-bBd+aCd)z
Vva+bz (c+dz) bd bd+/a+bz (c+dz)

Rule:lf bc-ad+0 A a2-b%2+0 A c?-d? +0,then

A+BSin[e+-Fx] +CSin[e+1‘x]2

dx —

\a+bsin[esfx] (c+dsin[e+Fx])

1 acC-Abd+ (bcC-bBd+aCd) Sin[e+fx|
dx

c
——Jda+bﬁnp+fx]mx_——
bd bd

\as+bsin[e+fx] (c+dsin[e+fx])

Program code:

Int[(A_.+B_.#sin[e_.+f_.xx_]+C_.#sin[e_.+f_.4x_]"2)/(Sqrt[a_.+b_.xsin[e_.+f_.»x_]]*(c_.+d_.xsin[e_.+f_.+x_])),x_Symbol] :=
C/ (bxd) +Int[Sqrt[a+bxSin[e+fxx]],x] -
1/ (bxd) *Int [Simp [a*c*C—A*b*d+ (bxcxC-bxBxd+axCxd) xSin [e+'F*x] ,x]/(Sqr‘t [a+b*sin [e+f*x] ] * (c+d*S:i.n [e+f*x] ) ) ,x] /3
FreeQ[{a,b,c,d,e,f,A,B,C},x]| && NeQ[bxc-a+d,0] & NeQ[a~2-b"2,0] & NeQ[c"2-d"2,0]

Int[(A_.+C_.#sin[e_.+f_.+x_]"2)/(Sqrt[a_.+b_.xsin[e_.+f_.4«x_]]*(c_.+d_.#sin[e_.+f_.+x_])),x_Symbol] :=
C/ (bxd) *Int[Sqrt[a+bxSin[e+fxx]],x] -
1/ (bxd) xInt [Simp [a*c*C—A*b*d+ (bxcxC+axCxd) *Sin [e+‘F*x] ,X]/(Sqr‘t [a+b*Sin [e+'F*x] ] * (c+d*Sin [e+'F*X] ) ) ,X] /3
FreeQ[{a,b,c,d,e,f,A,C},x| & NeQ[bxc-axd,0] & NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0]
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Rules for integrands of the form (a+b sin(e+f x))"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2)

A+BSin[e+fx] +CSin[e+'Fx]2
dx whenbc-ad#0 A a2-b>#0 A c2-d?#0

\/a+bsin[e+fx] \/c+dSin[e+fx]

Derivation: Nondegenerate sine recurrence 1b withm —» - %, n- - %, p—>0

Note: If one of the square root factors does not have a constant term, it is better to raise that factor to the 3/2 power.

Rule:if bc -ad+0 A a2-b%2+0 A c?-d? +0,then

A+BSin[e+fx] +CSin[e+-Fx]2

dx —

\/a+bSin[e+fx] \/c+dsin[e+fx]

CCos[e+ fx] \/c+dsin[e+fx]
- +

df\/a+bsin[e+fx]

i ((ZaAd—C(bc—ad) -2(acC-d(Ab+aB)) Sin[e+fx] + (2de—C(bc+ad))Sin[e+fx]2)/((a+bSin[e+-Fx])3/2\/c+dSin[e+-Fx] ))dlx

Program code:

Int[(A_.+B_.#sin[e_.+f_.xx_]+C_.»sin[e_.+f_.#x_]"2)/(Sqrt[a_.+b_.xsin[e_.+f_.»x_]]*Sqrt[c_+d_.+sin[e_.+f_.+x_]]),x_Symbol] :=
-CxCos[e+fxx] xSqrt[c+d+Sin[e+fxx]]/(d+f+Sqrt[a+bsSin[e+fsx]]) +
1/ (2xd) »Int [1/( (a+b*Sin [e+F*x] )" (3/2) *Sqrt [C+d*Sin [e+f*x] ] ) *
Simp [Z*a*A*d—C* (bxc-axd) -2x (axc*C-d* (Axb+axB) ) *Sin [e+f*X] + (2xb*Bxd-Cx (bxc+a*d) ) *Sin [e+'F*X] "2,X] ,X] /3
FreeQ[{a,b,c,d,e,f,A,B,C},x]| && NeQ[bxc-a+d,0] & NeQ[a"2-b"2,0] & NeQ[c"2-d"2,0]

Int[(A_.+C_.+sin[e_.+f_.xx_]*2)/(Sqrt[a_.+b_.xsin[e_.+f_.+x_]]+Sqrt[c_+d_.+sin[e_.+f_.xx_]]),x_Symbol] :=
-CxCos[e+fxx] +Sqrt[c+d+Sin[e+fxx]]/(d+f+Sqrt[a+bsSin[e+fsx]]) +
1/ (2xd) *Int [1/( (a+bxSin[e+fxx])~(3/2) #Sqrt[c+d+Sin[e+fxx]]) »
Simp [Z*a*A*d—C* (bxc-axd) -2x (axcxC-Axbxd) *Sin [e+f*x] -Cx (bxc+axd) xSin [e+'F*x] "Z,x] ,x] /8
FreeQ[{a,b,c,d,e,f,A,C},x| & NeQ[bxc-axd,0] & NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0]



Rules for integrands of the form (a+b sin(e+f x))~"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2) 21

6. J«(dSin[e+1=x])" (A+Bsin[e+fx] +CSin[e+-Fx]2) dx when a? - b? £ @

a+bSin[e+fx]

Derivation: Algebraic expansion

. 2 B 2_ 2
BaSIS‘ A+Bz+Cz®? __ bB-aC " CTZ"' Ab’-abB+a’C

a+bz - b2 b? (a+b z)

Rule: If a2 - b% + 0, then

-I«(dsin[erFx])" (A+Bsin[e+fx] +Csin[e+fx]?) o

a+bSin[e+-Fx]
bBb—zaC J.(dsin[e+fx])"d1x+ bc—dj(dSin[e+-Fx])"+1dlx+

n
dx
a+bSin[e+-Fx]

Ab2-abB+a?C (dSin[e+fx])
o

Program code:

Int[(d_.#sin[e_.+f_.*x_])~n_.»(A_.+B_.xsin[e_.+f_.«x_]+C_.xsin[e_.+f_.»x_]~2)/(a_+b_.xsin[e_.+f_.»x_]),x_Symbol] :=
(b*B—a*C)/bAZ*Int[(d*Sin[e+f*x])An,x] +
C/ (bxd) *Int [ (d*Sin [e+'F*X] ) A(n+1) ,X] +
(Axb”2-axbxB+a”2xC) /b*2xInt [ (d*Sin [e+'F*x] )"n/(a+b*sin [e+f*x] ) ,x] /3

FreeQ[{a,b,d,e,f,A,B,C,n},x]| && NeQ[a"2-b"2,0]

Int[(d_.+sin[e_.+f_.*x_])~n_.»(A_.+C_.xsin[e_.+f_.xx_]~2)/(a_+b_.xsin[e_.+f_.xx_]),x_Symbol] :=
-a*xC/b”2xInt [ (d*Sin [e+f*x] ) "n,x] +
C/ (bxd) *Int [ (d*Sin [e+'F*X] ) A(n+1) ,X] +
(Axb”2+a”2xC) /b”2xInt [ (d*Sin [e+‘F*x] )"n/(a+b*sin [e+'F*x] ) ,x] /8

FreeQ[{a,b,d,e,f,A,C,n},x] & NeQ[a*2-b"2,0]

u: j(a+b$in[e+fx])"' (c+dSin[e+-Fx])n (A+BSin[e+-Fx] +CSin[e+-Fx]2) dx whenbc-ad#0 A a2-b%2#0 A c2-d%>+0

Rule:lf bc-ad+0 A a2-b2+0 A c?-d? +0,then

j(a+bsin[e+fx])m (c+dSin[e+-Fx])" (A+Bsin[e+fx| +CSin[e+-Fx]2) dx —



Rules for integrands of the form (a+b sin(e+f x))"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2)

-

j(a+bsin[e+fx])m (c+dsin[e+fx])" (A+BsSin[e+fx] +CSin[e+-Fx]2) dx

Program code:

Int[(a_.+b_.#sin[e_.+f_.#x_] ) m_#(c_.+d_.xsin[e_.+f_.xx_]) n_(A_.+B_.#sin[e_.+f_.#x_]+C_.#sin[e_.+f_.*x_]~2),x_Symbol] :=
Unintegrable[ (a+bsSin[e+fxx])"m« (c+d+Sin[e+fxx]) nx (A+BxSin[e+fxx] +CxSin[e+fxx]*2),x] /;
FreeQ[{a,b,c,d,e,f,A,B,C,m,n},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && NeQ[c2-d"2,0]

Int[(a_.+b_.#sin[e_.+f_.xx_] ) m_«(c_.+d_.xsin[e_.+f_.*x_]) n_x (A_.+C_.+sin[e_.+f_.xx_]"2),x_Symbol] :=
Unintegrable[ (a+bxSin[e+fxx] ) mx (c+dxSin[e+fxx]) nx (A+CxSin[e+Ffxx]*2),x] /;
FreeQ[{a,b,c,d,e,f,A,C,m,n},x]| & NeQ[bxc-a+d,0] && NeQ[a"2-b"2,0] & NeQ[c"2-d"2,0]
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Rules for integrands of the form (a+b sin(e+f x))"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2) 23

Rules for integrands of the form (bSin[e + fx]P)™ (c + dSin[e + fx])" (A+BSin[e + fx] + CSin[e + fx]?)

1: J(bsin[e+fx]p)m (c+dSin[e+-Fx])" (A+BSin[e+-Fx] +CSin[e+-Fx]2) dx when m¢ z

Derivation: Piecewise constant extraction

fee (bSin[e+fx]P)"™ __
Basis: Ox (bSinf[e+fx])™P 0

Rule: If m ¢ Z, then
J(bsin[e+fx]p)'" (c+dsin[e+fx])" (A+BSin[e+fx] +CSin[e+fx]2) dx —

(bsin[e + £x]°)"

(bSin[e +£x])" J(bSif‘[(Ewa])’"’J (c+dsin[e+fx])" (A+Bsin[e+fx] +Csin[e+fx]?) dx

Program code:

Int[(b_.*sin[e_.+f_.*x_]"p_) m_x(c_.+d_.xsin[e_.+f_.»x_])"n_.#(A_.+B_.xsin[e_.+f_.»x_]+C_.»sin[e_.+f_.»x_]~2),x_Symbol] :=
(bxsin[e+fxx]~p)~m/ (bxSin[e+Ffxx] )~ (mxp) +Int[ (bxSin[e+fxx])~ (mxp) x (c+dxSin[e+fxx]) n« (A+BxSin[e+Ffxx] +CxSin[e+fxx]~2),x] /;
FreeQ[{b,c,d,e,f,A,B,C,m,n,p},x] && Not[IntegerQ[m]]

Int[(b_.xcos[e_.+f_.xx_]"p_) m_x(c_.+d_.xcos[e_.+f_.xx_])"n_.#(A_.+B_.xcos[e_.+f_.xx_]+C_.xcos[e_.+f_.*x_]~2),x_Symbol] :=
(bxCos [e+fxx]~p)~m/ (bxCos[e+Ffxx] )~ (mxp) +Int [ (bxCos [e+fxx])~ (msp) x (c+dxCos [e+fxx]) nx (A+BxCos[e+Ffxx] +CxCos [e+fxx]~2),x] /;
FreeQ[{b,c,d,e,f,A,B,C,m,n,p},x] && Not[IntegerQ[m]]

Int[(b_.*sin[e_.+f_.*x_]"p_) m_x(c_.+d_.xsin[e_.+f_.*x_]) n_.#(A_.+C_.xsin[e_.+f_.»x_]*2),x_Symbol] :
(b*Sin [e+f*x] "p) "m/(b*sin [e+'F*x] ) A (mxp) *Int [ (b*Sin [e+'F*x] ) A (mxp) * (c+d*S:i.n [e+f*x] ) Anx (A+C*Sin [e+f*x] "2) ,x] /3
FreeQ[{b,c,d,e,f,A,C,m,n,p},x]| && Not[IntegerQ[m]]

Int[(b_.xcos[e_.+f_.*x_]"p_) m_x(c_.+d_.xcos[e_.+f_.»x_])"n_.#(A_.+C_.xcos[e_.+f_.»x_]"2),x_Symbol] :
(bxCos [e+fxx]~p) "m/(b*Cos [e+fxx])~ (mxp) xInt[ (bxCos[e+Ffxx])~ (mxp) » (c+dxCos [e+Ffxx]) nx (A+CxCos [e+Fxx]~2),x] /;
FreeQ[{b,c,d,e,f,A,C,m,n,p},x] & Not[IntegerQ[m]]



Rules for integrands of the form (a+b sin(e+f x))"m (c+d sin(e+f x))~n (A+B sin(e+f x)+C sin(e+f x)"2)
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